The Kähler manifolds of quasi-constant holomorphic sectional curvatures are introduced as Kähler manifolds with complex distribution of codimension two, whose holomorphic sectional curvature only depends on the corresponding point and the geometric angle, associated with the section. A curvature identity characterizing such manifolds is found. The biconformal group of transformations whose elements transform Kähler metrics into Kähler ones is introduced and biconformal tensor invariants are obtained. This makes it possible to classify the manifolds under consideration locally. The class of locally biconformal flat Kähler metrics is shown to be exactly the class of Kähler metrics whose potential function is only a function of the distance from the origin in C . Finally we show that any rotational even dimensional hypersurface carries locally a natural Kähler structure which is of quasi-constant holomorphic sectional curvatures.
Introduction
In the present paper we study Kähler In Section 3 we study the integrability conditions for the curvature identity (1.1). A complete system of integrability conditions for (1.1) is obtained in Theorem 3.1. Applying this theorem we obtain:
If the distribution D of a Kähler QC H-manifold is not involutive, then the integrability conditions of (1 1) reduce to the conditions (3 21).
In Section 4 we discuss transformations of Kähler metrics into Kähler ones. By using the induced metric η ⊗ η +η ⊗η on D ⊥ , we introduce biconformal transformations of the structure ( η) by the formulas (1 2) = 2 { + ( 2 − 1)(η ⊗ η +η ⊗η)} η = + η where and are functions on M satisfying certain conditions. We introduce the notion of a B-distribution with the conditions (4.15) and prove that:
All metrics given by (1 2) are Kählerian if and only if the distribution D is a B-distribution.
Further we define B 0 -distributions as a special case of B-distributions with the conditions (4.16). In Proposition 4.2 we show that the transformations (1.2) form a group -the group of biconformal transformations. In Section 6 we show that any rotational hypersurface (M 2 ¯ ) in C × R with axis of revolution = R, which has no common points with carries a geometrically determined complex structure J. Thus (M 2 ¯ J) can be considered as a locally conformal Kähler manifold in all dimensions 2 ≥ 4. Further we introduce a natural Kähler metric on (M 2 ¯ J) by the formula (6.16 ). This formula makes the class of rotational hypersurfaces an important source of Kähler metrics because of Theorem 6.1: Let (M 2 ¯ J ξ ) (2 ≥ 4) be a rotational hypersurface satisfying the conditions (6 15) . Then the complex dilatational Kähler metric given by (6 16 ) is of quasi-constant holomorphic sectional curvatures. at any point ∈ M. We denote by η andη the unit 1-forms corresponding to ξ and Jξ, respectively, i.e.
A tensor characterization of the Kähler manifolds of quasi-constant holomorphic sectional curvatures
Let
η(X ) = (ξ X ) η(X ) = (Jξ X ) = −η(JX ); X ∈ XM
Then the distribution D is determined by the conditions
D( ) = {X ∈ T M | η(X ) =η(X ) = 0} ∈ M
As a rule, we use the following denotations for vector fields (vectors):
The Kähler form Ω of the structure ( J) is given by Ω(X Y ) = (JX Y ), X Y ∈ XM.
Let ∇ be the Levi-Civita connection of the metric . The Riemannian curvature tensor R of type (1 3
), resp. (1 4), is given by R(X Y )Z = ∇ X ∇ Y Z − ∇ Y ∇ X Z − ∇ [X Y ] Z R(X Y Z U) = (R(X Y )Z U); X Y Z U ∈ XM
The Ricci tensor and the scalar curvature of R are denoted by ρ and τ, respectively. Now we introduce the geometric functions and tensors associated with the structures ( J D).
All directions in
{ξ Jξ} have one and the same Ricci curvature which is denoted by σ , i. e.
The Riemannian sectional curvature of the structural distribution D ⊥ is denoted by κ, i. e.
κ = R(ξ Jξ Jξ ξ)
Thus the structures ( J D) give rise to the functions κ σ and τ. Further we note that the tensor η(X )η(Y ) +η(X )η(Y ) does not depend on the basis {ξ Jξ}. Then the fundamental symmetric tensors of type (0,2) are
We need the following invariant Kähler tensors:
These tensors are invariant under the action of the structural group U( − 1) × U(1) on the tensors over T M ∈ M in the standard sense (e.g. [13] ). 
The invariant Kähler tensors
are closely related to the above geometric types of sectional curvatures because of the following their properties: all geometric sectional curvatures of π − 2Φ + Ψ are zero except its horizontal sectional curvatures (more precisely this tensor is of constant horizontal holomorphic sectional curvatures); all geometric sectional curvatures of Φ − Ψ are zero except its mixed sectional curvatures (more precisely this tensor is of constant mixed sectional curvatures); all geometric sectional curvatures of Ψ are zero except its vertical sectional curvature.
In this section we deal with holomorphic sectional curvatures taking into account the structure of the tangent space at any point of M. Any vector field X ∈ XM is decomposable in a unique way as follows:
where 0 is the projection of X into XD. Let {X JX } be an arbitrary holomorphic 2-plane (section) in the tangent space T M ∈ M generated by the unit vector X . For any unit vector Y ∈ {X JX } we have
The holomorphic section {X JX } and the structural section
which is uniquely determined by the equality
This geometric angle measures the deviation of any holomorphic section from the structural tangent plane D ⊥ . Now we can give the basic definition in our considerations. 
R(X JX JX X
This notion corresponds to the notion of a Riemannian manifold of quasi-constant sectional curvature (c.f. [1, 5] ). The first essential step in the study of Kähler QC H-manifolds is to find a curvature identity characterizing these manifolds.
Lemma 2.1. 
Proof. Let 0 be an arbitrary unit vector in D. For any > 0 we consider the unit vectors
It is easy to check that the sections The last equality is also true for the boundary angles = 0
On the other hand the holomorphic sectional curvatures of the tensor π + Φ + Ψ are the same as those given in (2.8). The standard lemma for Kähler tensors states that if two Kähler tensors have the same holomorphic sectional curvatures, they coincide (e.g. [9] ).
Thus we obtained that R = π + Φ + Ψ and ( ) = + cos 2 + cos 4 The inverse is an immediate verification.
Proposition 2.1 implies in a straightforward way Corollary 2.1. 
Taking into account Proposition 2.1 and Corollary 2.1 we obtain expressions for the functions and by the geometric functions κ σ and τ:
It follows from Proposition 2.1 that the curvature tensor R of any Kähler QC H-manifold can be represented by the tensors (2.7) in the form
The last formula shows that the curvature tensor R of any Kähler QC H-manifold has: pointwise constant horizontal holomorphic sectional curvatures
pointwise constant mixed sectional curvatures
Remark 2.1.
. Then the structures ( J D) generate the functions and by the equalities (2.9) and these functions are related to the scalar curvatures (2.4), (2.5) and (2.6) as follows: 
where
Lemma 3.1. 
Proof. Let 
Any complex basis of T 1 0 M will be denoted by {Z α } α = 1 and the conjugate basis {Zᾱ = Z α } ᾱ =1 ¯ will span T 0 1 M. Counting the special structure of the tangent spaces, we shall also consider special complex bases of the
Unless otherwise stated, the Greek indices α β γ δ ε will run through 1 while the Greek indices λ µ ν κ σ will run through 1 − 1
First we give the essential components (which may not be zero) of the fundamental tensors Ω η η:
We introduce the following functions and 1-forms associated with the vector fields ∇ ξ ξ and ∇ Jξ Jξ:
The next two natural statements characterize involutive distributions D and D ⊥ .
Lemma 3.2.

The distribution D is involutive if and only if
Proof. Since the distribution D is determined by the 1-forms η andη, it is involutive if and only if
On the other hand, we have
which imply the lemma. It is easy to check that the conditions in Lemma 3.2 and Lemma 3.3 do not depend on the frame field {ξ Jξ}.
Further we give the essential components of the tensors π Φ and Ψ with respect to a complex basis {Z α } α = 1 :
( αβ η γ ηδ + γβ η α ηδ + γδ η α ηβ + αδ η γ ηβ)
From now on in this section we assume that the manifold (M J D) is of quasi-constant holomorphic sectional curvatures,
i.e. its curvature tensor R satisfies the identity (3.1). Then the essential components of ∇R with respect to a complex basis {Z α } α = 1 are the following:
Now we can find the integrability conditions following from the special form (3.1) of the curvature tensor R.
Theorem 3.1.
Let (M J D) be a Kähler manifold with dim M = 2 ≥ 6 and curvature tensor R satisfying the identity
Then the second Bianchi identity for the tensor R is equivalent to the following conditions:
with respect to a special complex basis.
Proof. First we show that the second Bianchi identity for the curvature tensor R = π + Φ + Ψ implies the conditions i) -vi). The scheme of the proof is the following. The second Bianchi identity for the curvature tensor R reduces to the equality
with respect to a complex basis {Z α } α = 1 . We replace ∇ α R βγδε and ∇ β R αγδε from (3.10) into (3.11). Further we use a special complex basis
and substitute any of the vectors Z α α = 1 with Z λ λ = 1 − 1 or Z 0 . Thus we obtain 2 5 equalities which imply the conditions i) -vi) of the theorem. Here we give the main points of the proof:
In the next three points we use the identity (∇ X η)ξ = 0 X ∈ XM which implies
Applying the second identity of (3.7) we find (θν − θ * ν ) = 0
Applying the first identity of (3.7) we obtain (θ µ + θ * µ ) = 0
Summarizing the results of 1) -9) we obtain the equalities i) -vi) of the theorem. Conversely, it is easy to check that the equalities i) -vi) imply the second Bianchi identity for R (without assuming beforehand that it is true). Thus we obtained a system of integrability conditions (equivalent to the second Bianchi identity) for the curvature tensor R = π + Φ + Ψ.
Corollary 3.1.
Let (M J D) be a Kähler manifolds satisfying the conditions in Theorem
Here we study Kähler manifolds of quasi-constant holomorphic sectional curvatures, which have no points of constant holomorphic sectional curvatures, i.e.
Under this condition we have as a consequence of Theorem 3.1:
There arise two geometric classes of Kähler manifolds of quasi-constant holomorphic sectional curvatures with respect to the distribution D.
The case:
The equalities (3.18) reduce to the following Now the conditions (3.18) reduce to the following:
Biconformal Transformations of Kähler metrics
It is well known that any conformal transformation = 2 = 0 of the metric in a Kähler manifold (M J)
gives rise to a Hermitian manifold (M J) which is no more Kählerian .
The aim of our considerations in this section is to find the class of J-invariant distributions which admit biconformal changes of the given Kähler metric so that the new metrics continue being Kählerian. We obtain the group of the biconformal transformations and further apply it to the class of Kähler manifolds of quasi-constant holomorphic sectional curvatures. First we deal with special distributions generated by real functions on the manifold. Let be a real function of class C ∞ on a Kähler manifold (M J) and = 0. Putting
With respect to a special complex basis Proof. Let * be any metric given by (4.3). We shall use complex bases and special complex bases taking into account the convention about the indices α β γ and λ µ ν, respectively. Differentiating (4.5) with respect to the Levi-Civita connection ∇ of the metric and taking into account (4.2) we find
The components * βγ of the inverse matrix of ( * βγ ) can be found from (4.4). The corresponding calculations give (4 9) * βγ
Replacing Ω * αβγ from (4.8) and * βγ from (4.9) into (4.6) we get
If the structure ( * J) is locally conformal Kählerian, then
Because of (4.8) the equality (4.12) takes the form
Replacing α β γ into (4.13) with λ µ ν, respectively, we obtain
Then it follows from (4.11) that
Since the last equality is fulfilled for every proper function from (4.3), then θ λ + θ * λ = 0, which is i). Further we replace α β γ into (4.13) with 0 µ ν, respectively. Using (3.4) and (4.10) we get
µν which implies the condition ii). Conversely, it is an immediate verification that the conditions i) and ii) in view of (3.4) and (3.7) make (4.13) an identity. Hence, every structure ( * J) is locally conformal Kählerian.
Remark 4.1.
The formula (4.10) and Lemma 3.3 imply that the following conditions are equivalent:
iii) every Lee form ω * is collinear with the structural 1-form η. 
we obtain is a Kähler metric. It is clear that the metric is determined by the proper function up to a constant factor. Since > 0 we set = 2 and obtain another form of the metric : Proposition 4.1.
) be a Kähler manifold with B-distribution D and ( η ) be any structure obtained from the structure ( η) by a biconformal transformation. Then D continues being a B-distribution with respect to the new structure ( η ).
By direct computations taking into account (4.17) we find the inverse transformation
II. Let and be proper functions of the distribution ∆ generating the following biconformal transformations:
It is easy to check that
Taking into account I and II we conclude that the biconformal transformations (4.16) form a group, which is generated by the additive group of the real C ∞ -functions on M. 
Tensor invariants of the biconformal group of transformations
Proof. We consider a special complex basis {Z 0 Z λ } λ = 1 − 1. Then the assertion of the lemma is equivalent to the equalities:
The first two equalities of (5.2) are given by the conditions 1) and 2) of (5.1). The last two equalities of (5.2) follow from the formulas (3.7) and the condition 3).
Since the distribution ∆ orthogonal to ξ is involutive, then η( From here we obtain the first two equalities of (5.3). The remaining equalities of (5.3) are given by the formulas (3.8).
In the next lemma we obtain integrability conditions concerning the functions and * as a consequence of the conditions ∇ λ η µ = 0 and θ = θ * = 0. 
Lemma 5.2.
where the function * in view of (5.7) satisfies the relation 
Proof. Writing the equality (5.8) in the form
we get in a straightforward way
Taking a trace in (5.15) we find
which implies (5.12).
Further we replace X = Jξ Y = ξ into (5.15) and find (5.13). Taking into account (5.15), (2.2), (2.3), (5.12) and (5.13) we obtain (5.14).
Remark 5.1.
Let D be a B 0 -distribution. Then the equality (5.16) means that ξ is an eigen vector field for the Ricci operator ρ. Further the equality (5.14) implies that the manifold under consideration is of pointwise constant mixed sectional curvatures
What is more, the equalities (5.17), (5.13) and (5.9) express that the function completely determines the mixed sectional curvatures and the vertical sectional curvature of the manifold.
The next assertion justifies the introduction of the class of B 0 -distributions.
Proposition 5.1. 
Then we find the components of ∇ η with respect to a complex basis: Proof. Let ( η ) be a structure obtained from the given structure ( η) by the biconformal transformation (5.18).
Writing the operator QC (R) of type (1, 3) in the form
Taking into account (5.19) we find the relation between the curvature tensors R and R of type (1.3): 
It is easy to check that the tensors π − 2Φ + Ψ Φ 1 − 1 2
Ψ and Ψ of type (1,3) change in the following way:
To prove the equality (5.24) because of (5.26) it is sufficient to prove the following equalities
Considering the equality (5.25) onto the distribution D we have
Taking traces in the last equality twice we find
This equality gives (5.27) because of (2.14).
Further we apply the formula (5.17) and taking into account (4.17), (5.22) we find
The last equality becomes (5.28) because of (2.15). From Lemma 5.3 it follows that 2(
Finally the equality (5.31) in view of (2.16) becomes (5.30).
Theorem 5.1 implies in a straightforward way that the Ricci trace ρ(QC (R)) is a biconformal invariant of type (0, 2).
Corollary 5.1.
Then the tensor of type (0 2)
is a biconformal invariant.
The following relative scalar invariant is important to the next applications of Theorem 5.1. 
Corollary 5.2.
Proof. From (5.27 ) and (5.18) we have
On the other hand (4.17) gives Proof. Let the metric be given by (5.39). Putting
we obtain is of type (5.40).
For the inverse, let the function ( 2 ) generate the Kähler metric (5 40). Putting
we obtain the metric is of type (5.39 ). An easy check shows that ξ (− ) = 2
Hence the metric is biconformally flat.
Remark 5.2.
The Analogue of Theorem 5.2 considering the case + 2 < 0 has been proved in [6] .
Kähler structures on rotational hypersurfaces
The aim of this section is to show that any rotational hypersurface (M 2 ¯ ) which has no common points with the axis of revolution carries a geometrically determined complex structure J and (M 2 ¯ J) can be considered as a locally conformal Kähler manifold. Further we show that M 2 carries a natural Kähler metric , so that (M 2 J) is a Kähler manifold of quasi-constant holomorphic sectional curvatures.
Let O be a fixed coordinate system in R and M 2 be a rotational hypersurface in R 2 +1 = C × R with axis of revolution = R. We consider the class of rotational hypersurfaces having no common points with the axis of revolution. Then M 2 is a one-parameter family of spheres S by the same letter¯ . Then (M 2 ¯ ξ ) becomes the Riemannian warped product manifold [3, 5] :
is the unit hypersphere in C , centered at the origin O. Denoting by∇ the Levi-Civita connection on (M 2 ¯ ) we have [5] :
Letη be the 1-form corresponding to the unit vector fieldξ with respect to the metric¯ , i. e.η(X ) =¯ (ξ X ) X ∈ XM 2 . Ifπ andΦ are the tensors
then the curvature tensorR of the rotational hypersurface M 2 has the form [5] :
This equality implies that the rotational hypersurface M 2 is conformally flat. We shall introduce a complex structure on any rotational hypersurface M 2 having no common points with the axis . First we consider the almost contact Riemannian structure on the parallels of the rotational hypersurface M 2 induced from the corresponding C . Let (J 0 ¯ ) be the standard flat Kähler structure of any C considered as a hyperplane in R 2 +1 perpendicular to the axis . Then any parallel S 2 −1 ( ) ( -fixed) being a hypersphere in (C J 0 ¯ ) carries a natural almost contact Riemannian structure ( ξ η ¯ ) determined as follows [10, 11] :
The corresponding Weingarten and Gauss formulas of the imbedding
where∇ is the induced Levi-Civita connection on the sphere S 2 −1 ( ). From (6.6) and (6.7) it follows directly that
If the structure ( ξ η ¯ ) of an almost contact Riemannian manifold satisfies the conditions
then the manifold is called an α-Sasakian manifold [8] . In the case α = 1 these manifolds are the usual Sasakian manifolds. Taking into account the equalities (6.8) and (6.9) we conclude that the structure (6.6) on any hypersphere
Now we can introduce a complex structure J on the rotational hypersurface M 2 subordinated to the orientationξ of the meridians. Let T M 2 be the tangent space to M 2 at any point . Then the vector fieldsξ andξ defined by (6.6) determine a distribution D so that D ⊥ = {ξ ξ }. We define the almost complex structure J associated withξ as follows:
It is clear that J is an almost complex structure and (M 2 ¯ J) becomes an almost Hermitian manifold. The almost complex structure J defined by (6.10) and the structure on S 2 −1 ( ) given by (6.6) are related as follows:
Below we give the Weingarten and Gauss formulas for the embedding S 2 −1 ( ) ⊂ M 2 with normal vector fieldξ:
The Gauss formula and (6.8) imply immediately that Proof. To prove (6.14) it is sufficient to show that the following equalities hold good: The equality (i) follows because of the fact that the hyperplanes C ( ) are parallel along any meridian γ( ). Taking into account (i) and (6.4) it follows that (ii) holds good. The equality (iii) follows from (6.12), (6.13), (6.11) and (6.9). Finally (iv) follows from (6.12), (6.13) and (6.11).
The identity (6.14) implies that the almost complex structure J is integrable, i.e. (M 2 ¯ J) is a Hermitian manifold. Moreover, this manifold is in the class W 4 according to the classification in [4] . A simple computation shows that the Lee form of the manifold is 1 − η. From (6.4) it follows that the 1-formη is closed and therefore the Lee form of (M 2 ¯ J)
is also closed. Then the manifold under consideration is locally conformal Kähler in all dimensions 2 ≥ 4. This implies (M 2 ¯ J) carries a conformal Kähler metric which is flat by virtue of the fact that¯ is conformally flat. Our aim is to define another nontrivial Kähler metric on (M 2 ¯ J), which is naturally determined by its geometric structures. We constrain the class of the rotational hypersurfaces which have no common points with the axis of revolution, assuming the inequality ( ) = 0 ∈ I. This condition means that the meridian γ( ) of M 2 has no points in which the tangents are parallel to the axis . Under the condition = 0 we can choose in a unique way the orientationξ of the meridians so that ( ) > 0. In what follows we consider the class of rotational hypersurfaces (M 2 ¯ J) satisfying the following inequalities: Taking into account (6.8) and (6.11) it is easy to check that the Kähler form of the metric is closed, i. e. is a Kähler metric. We call a complex dilatational Kähler metric on the rotational hypersurface M 2 . This metric is relevant to the subject of our considerations in the present paper because of the following Proof. Let ∇ be the Levi-Civita connection of the metric (6.16). Using (6.4) and (6.13) we find in a standard way that Applying Proposition 2.1 we obtain the assertion. Rotational hypersurfaces carying Kähler structures of quasi-constant holomorphic sectional curvatures with functions < 0 + 2 > 0; + 2 < 0 have been considered in [6] .
Remark 6.2.
Bochner flat Kähler manifolds of quasi-constant holomorphic sectional curvatures have been studied in [7] .
